ON THE EIGENVALUES OF CERTAIN HERMITIAN
OPERATORS

BY
HAROLD WIDOM

CHAPTER I. INTRODUCTION

In recent years a considerable amount of work has been done on the in-
vestigation of the largest eigenvalue of integral equations of the form

A
(1.1) [ o = oray = ro(o),
—A
where the kernel p(x) is real and even, for large values of the parameter 4.
By a formal use of the Wiener-Hopf technique Carrier [2; 3] obtained
sharp estimates in the special cases of the kernels

o(x) = f s~le2ds,

Vel

which arises in the theory of neutron diffusion, and a Hankel function of
imaginary argument,

@ =it = [ Ty

x) =—1 ix) = — ———— df.

YT 2w A+ gy
In the case of this second kernel Carrier obtained, for the largest eigenvalue
of (1.1), the asymptotic expression(!)
w? m(r + 2)

A=1-— A7),
8A2+ o1t + o(47%)

As for general kernels p(x), little has been proved but much has been
suspected. Bellman and Latter [1] have obtained upper and lower bounds
for the largest eigenvalue of (1.1) for quite general p, these bounds, how-
ever, being rather weak for most interesting kernels. More to the point is a
conjecture of Kac, Murdock, and Szegs [5]. Assume p(x) = 0 and
J2(14x?)p(x)dx < . Denote the positive eigenvalues of (1.1) by

Presented to the Society, December 27, 1956, under the title Extreme eigenvalues of Toeplitz
matrices; received by the editors January 12, 1957.

(1) Professor Carrier has pointed out that in [3], the 10th line from the bottom of p. 20,
the expression 1—1/4(8+a)? should be replaced by 1—=?/8(8-+a)?.
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AaZNhea= -0

Then, this conjecture states,

2022

ANa=M—

547 + o(47%)

as A—» for fixed v, where M=[_p(x)dx and o%=[2 . x%(x)dx. (For the
basis of this conjecture, and a discussion of related problems, we refer the
reader to the excellent introduction of [5].) We shall prove a more precise
result here, under slightly different hypotheses. If we denote by F(£) the
Fourier transform of p(x),

e = [ eitep(x)d,

then under certain conditions

air?

842

26 21 d
- _f_w{F(E) f— - ?}?E '

(The methods employed in the proof of this result could be used to further
extend the asymptotic expansion of \,,4, but further refinements do not seem
to be especially interesting.) Note that in this asymptotic expression the first
two terms involve only M = F(0) and ¢2= — F'’(0), and are local in that they
depend only on the behavior of F(£) near £=0, while the next term is clearly
nonlocal.

When F(§) = (14£2)-Y2 the integral involved is easy to evaluate, and we
have agreement with Carrier’s result, which seems to justify his formal
method. (It should be pointed out that the function (1-+£2%)~Y% does not
satisfy the hypotheses under which our asymptotic expression is obtained; in
fact, we must assume F(§) =O(| .§| —2) at infinity. This, however, is un-
doubtedly just a deficiency in the method of proof, and not of the result it-
self.) The case p(x) =712 exp(—«?) is also worth noting. In this case we ob-
tain

(1.2) Noa = M — [1+%:| + o(4-9)

where

2 w(1)2)
Aa=1— - A9,
14 1642 t6as T oA

This result might be compared with those obtained by Bellman and Latter,
loc. cit., for the same kernel.

The discrete analog of (1.1), the Toeplitz matrices, will also be considered
in this paper. If
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10 = % e

is real and even, we define the nth Toeplitz matrix of f as

(1°3) Tn = Tn(f) = (Cj—k) j, k = 0, c o, R,
Denote the eigenvalues of T, by
(1'4) )\l.n g >\2.n ; et g >\n+l,n-

It is proved in [5, Chapter III], that if f() achieves its maximum at §=0
(and at that point only) and is sufficiently regular, then

air?

2n?

)\u.n =M — + o(n_Z)

for fixed v as n— », where M =f(0) and o?= —f"'(0). This is the exact analog
of the first two terms of the expansion (1.2). We shall prove the analog of all
of (1.2), namely

U27r202

a
v,n — - 1 —3
P = 2(n+1>2[ +n+1]+°(” :

a= %—f_:{% - 2csc0} cot—;-odo.

where

The author wishes to express his appreciation to Professor Mark Kac,
who introduced the author to the problems considered here, and whose assist-
ance during their solution was invaluable.

CHAPTER II. TOEPLITZ MATRICES

2.1. We shall be concerned with the class of functions f(8) satisfying the
following

ConpITION A. Let f(0) be continuous and periodic with period 2mw. Let
max f(0) =f(0) = M and let =0 be the only value of 0(mod 2w) for which this
maximum is reached. Moreover, we assume that f(8) is even, and has continuous
dertvatives up to the fourth order in some neighborhood of 0=0. Finally, let
a2=—f"(0)=0.

The main result of the chapter is

THEOREM 2.1. Let f(0) satisfy Condition A, and denote the etgenvalues of the
matrix To by Nn [¢f. (1.3)-(1.4)]. Then as n—o we have, for fixed, v
=1,2,--,

(727I"2U2

a
Ao = M — 1 -),
' 2(n+1)2[ +n+1]+"(" )
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where

2.1) - m-lf’ ”ol[M‘m)ulﬂw
. a=a = 2 B CSC 2 Og . co 2 .

T 20

The assumption that the maximum of f(f) is achieved at §=0 is unim-
portant; the point 0 may be replaced by any 8,. Since the Toeplitz matrix
corresponding to any translate of f(#) has exactly the same eigenvalues as
that corresponding to f(0) itself, it is easy to modify the theorem so that it
will hold in the more general case.

2.2. We shall first prove the main theorem for the case when f(f) is a
trigonometric polynomial and satisfies the additional

CoNDITION Ay. All the complex zeros of f(6) — M are simple.

The result for general functions will then follow by fairly simple ap-
proximation arguments.

Let
k
(2.2) 10) = > cjet’, a#0
je=—k
where, since f(0) is even, c_;j=c¢; (j=1, - - -, k). Denote by T the infinite
matrix
(cp.0) = (¢p-a)s p,¢=0,1,---

Then if E, is the matrix which takes the vector {xg, C e Xy Xng1y t } into
{%o, - - -, %,,0, - - - } we have T,,= E,TE,. The condition that {xo, * - -, %}
be an eigenvector of T, corresponding to the eigenvalue A is that
(2.3) E.TX =X
where X is the infinite vector {xo, R o | BEEERE

For any vector V= {yo, e Yay Yngl, } with Z|y,~| < o we intro-

duce the generating function
Fy(z) = 20 9%
=0
regular inside the unit circle. We can then write (2.3) in the equivalent form
dr
dz”

IIA
<
IIA

[FTx(Z) - )\Fx(z)]z=o = 0, 0 n,
which, for convenience we split into the two conditions

dr
dz® [FTX(Z) - )‘FX(Z)]2=0 =0, 0

(2.4)

A
X
IIA
I
>
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dr

P [Frx(z) — AFx(2)].m0 = 0, n—k<r=an.
zf

(2.5)

Now (2.4) is equivalent to E, +TX =AE,_+X which, when written out,
becomes the system of equations

r+k

3 Grptp = A&y, 0Zr=k,
»=0
r+k
D Crp¥p = NIy, k<r=n-—k,
p=r—k
or
r—1 r+k—1
(2.6) Xrik = Ci ' [(7\ — )% — Z Cr—p¥p — E Cf—pxr]y
p=max (0,r—k) p=r+1

0sr=n-—=k
As for (2.4), we calculate Frx(z), obtaining
Frx(2) = coFx(2) + c12Fx(z) + - - - + az*Fx(2)
+ 157 Fx(2) — x0] + ¢z 2[Fx(z) — %0 — 12] + - - -
+ az*[Fx(3) — a0 — 213 — + + + — x_12F].
Thus if we introduce the polynomial
(2.7 P(x) = P(z;N) =g+ - - -+ + (co— N+ s '+ - - - + i
we have
k—1
(2.8) 2*[Frx(z) — ANFx(2)] = P(2)Fx(2) — q::EO Azt
where we have set

q
(2.9) 4, = Z Cp—q+k¥p, 0

p=0

IIA
(5]
IIA
X
I
b

Now by (2.8), we see that (2.5) is equivalent to

ar k—1
P(2)Fx(z) — 2 quq] =0, n<r=n-+k
dz" L a=0 2=0

Since (2.4) is equivalent to
dr
dz"

IIA
<
IIA
3

—P(z)Fx(z) - kil Agz‘l] = 0, 0
L g=0 2=0
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we see, noting that P(0) 0, that (2.4) and (2.5) together are equivalent to
(2.5) and

r k—1
(2.10) [Fx(z) O qu«] =0, n<r<n+k
2=0

dz" q=0

But since F¢*P(0)= - - - =F¢™(0)=0, (2.10) is equivalent to

dn+P+l
(2.11) [(ﬁ‘ZA ] —0, 0=y

n+P+1

IA

E— 1.
z=0

Recapitulating, we have shown that {xo, c e ,x,,} is an eigenvector of T,
corresponding to the eigenvalue A if and only if we have simultaneously (2.6)
and (2.11), where the 4, in (2.11) are defined by (2.9). Note that (2.11)
involves only the components xo, « « -, %1, so that if xo, - - -, xx_; satisfy
(2.11) we can define x4, - - -, x, successively by means of (2.6) to obtain an
eigenvector {xo, cee, x,.}. Thus the multiplicity of X is exactly the number
of linearly independent solutions for {xq, - - -, x:_1} of (2.11) and (2.9). Now
(2.9) gives an isomorphism between the set of all {4, - - -, Ax} and all
{x0, - - -, xx1}. It follows that the multiplicity of X is the number of linearly
independent solutions of (2.11) for the quantities Ao, - - +, Ax_1.

In order to bring (2.11) to a workable form we must consider the zeros of
P(z). Since, by (2.7) and (2.2),

(2.12) P(e;\) = ¢*[f(6) — )],

P(z) will have double zeros only if f(f) —N does. Now f'(8) has at most 2%
zeros (mod 27), say 68/, - - -, 0/ (j=2k). Then if N\;=f(6/), f(8) —\ will have
only simple zeros as long as A=%\; (¢=1, - - -, j). Thus if we choose §>0 so
small that no \; is contained in the open interval (M, M —8§), P(z) will have
only simple zero for N\& (M, M —38).

That we may exclude the possibility that N = M is easy. For if
{xo, - - +, xa} is an eigenvector with )_|x,|2=1 corresponding to the eigen-
value \, and we set ¢(8) = D_x,e'®, we have

E Cp—g¥p¥q = — f JiO) l ¢(6) |2d0

. p,q=0
Since

1 T
— [ 1600 = 1,
2rJ

and f(f) = M at a single point only, it follows that A <M.
Let p run over the various zeros of P(3). Then we have

1 _ 1
Pix) 5 P —p)
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and (2.11) can be written

k—1 1
2.13 —— )4, = 0, 0Zp=k—1.

Now we see from (2.7) that the zeros of P(z) occur in reciprocal pairs, so
we may replace each p in (2.13) by 1/p. Since P(z7!) =2%*P(z), we see that
(2.13) becomes

IS( Z p2lv+n+p—q)
L )4,=0, 0<Sp=<k—1
q=0 p P’(P) !

Hence we have shown that for N in a sufficiently small open interval
(M, M —38), the multiplicity of N is £ minus the rank of the matrix

( Z p2k+n+p—q
2.14) ( ——) Lg=1,--+
3 PI(P) £

(Our substitution of 1, - - -, kfor 0, - - -, B—1 as the range of p and ¢ is
clearly irrelevant since each entry of the matrix involves only p—gq.)
2.3. Denote by D the determinant of the matrix (2.14). Then we have

2k+n+1—7 (1) 2k+n+k—1 (k)

P1 Pk
p=Ssnr(Z ) ()

where 7 runs over all permutations of 1, - - -, 2 and each p, runs over all the
zeros p of P(z). Changing the order of the summations, we have
17 (1) k=7 (k)

(Pl . Pk)2k+"
D= X 2. (sgnmpr g
or-ow P(p1) - Ploi) 7

Now
1—7(1) k—7 (k)
2 Ggnnpy -
T
is simply a Vandermonde determinant, whose value is
1-k 2—k -1
pi oz o I (oo = p0),
<t
SO
(p1 - + - pi)ktetl . i1
(2.15) D= 32 p2ps - - - ok L1 (o — po).
Plyc Pk P,(Pl) ot P’(Pk) <t

Since the factor J](p, —p¢) in (2.15) will vanish if any two of the p; are equal,
we may assume the summation is taken only over distinct sets of zeros

P1y * * Pk
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Take any set S of k distinct p's, say S= {ﬁ;, <o, ﬁk}, and let ZS be
that part of the sum for which each p;&S. Then if 7 is a permutation of the
integers 1, - - -, k the typical term of Y g is

(Bravy * + + Prawy)*tt! 2 k=1
; . Pr@Pr(® * * * Priey H (Briy — Brny)
P'(prwy) « + + Pllpray) o<t
(2.16)
ﬁk+n+l 2 E—1
= [ _IEE %) ][ I<It (ps — ﬁe):l (sgn 7)Br0)Br3) * * * Pratye
] 8
Again,
. 2 ~k—l
Z (sgn 7)Br@Br» * * * Prowy

is a Vandermonde determinant whose value is

II G — 50).

s<t
Therefore, summing (2.16) over 7, we have

R

PES P’(ﬁ)

S <t
Finally, summing over éll choices of S, we obtain
(ﬁl e ﬁk)k+"+1
(2.17) D= Y 11 . — 502,

pr e PI(B1) - o P(Bk) o<

where here the summation extends over all combinations of k of the zeros p.
2.4. We shall presently show that of the Cu,r terms in the sum (2.17),
all but two can be neglected. Before we do this, however, we have to examine
more carefully the distribution of the p’s.
The function f(#) — M has, by Condition A, the double zero =0 and no
other real zeros (mod 27). Moreover, by Condition A, it has 2k —2 distinct
complex zeros (mod 27)

* *
Os2, =« + 70:tk

where 6F, - - -, 6} are the zeros in the lower half-plane, 6*,, - - -, 6%, those
in the upper half-plane.
If N < M but sufficiently close to M, f(6) —\ will have zeros

011, oi‘b R 01k

where ,—0} as A>M (j= %2, .-, +k), 6 is the positive real zero of
f(0) —)\, and 0._1= —01.

Correspondingly [cf. (2.12)] P(z; M) has a double zero at z=1, and, off
the unit circle, the 2k —2 distinct zeros
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* * * . .
P+2y * * 5 Ptk pf=ewi* (]=i2,',ik)

where p3, - - -, pi are of absolute value greater than 1, and p*,, - - -, p*,

of absolute value less than 1.
If A< M but sufficiently close to M, P(z; N) will have zeros

eiiﬂl’ P+2y * * *y Ptk pP;i = eioi (] = i 2) R ik)
where pj—p) as Ao M (j=+2, - - -, Lk).
Define
P'(pg) - -+ P'(px)
(2.18) Dy = f(8,) —— II (o — p)2D.

(p2 * * * P)*™ chieima, vk

Then D, is a sum of terms all but two of which, as we shall show, vanish ex-
ponentially as n— . Note that since minzg;jg Ip}"l >1 we can find a con-
stant u>1 so that

(2.19) loil 20, lpoi] S 1/u j=2,--,k

for N sufficiently close to M.

Consider a term in the expansion of D; by means of (2.17) in which either

(a) mot all the zeros ps, - - - , px are among the p;,
or

(b) at least one of the zeros p_y, + - -, p—i is among the p;.

The factor

Ppa) - Plo) I (o= p)?
8<t;8,t=2,++, k

occurring in (2.18) is clearly bounded. We have, therefore, to investigate the
behavior of

Beo oo B k+n
(2.20) f’(01)<p1 ”">++1
P2t Pk

II (ﬁs - ﬁt)2
8<t
P'(p1) - - - P'(pi)
Under either of the conditions (a) or (b) above we have, by (2.19),

<ﬁl o e e ﬁk>k+n+l
P2 * * Pk

The rest of (2.20), namely

é #—(k+n+1) < un,

H (ﬁs - ﬁt)z
<t
P'(p1) - - - P'(pr)
we shall show is bounded. Since each P’(p]") #0, P’(p;) will be bounded away

from 0 unless p;=¢*#1. We consider three cases.
() Neither ex# s among the p;. Then (2.21) is bounded.

(2.21) f'(61)
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(B) Euther e or e is among the p;, but not both. In this case (2.21) is

[cf. (2.12)]
f(6y)
0( i P'(etit)

(v) Both e are among the p;. Then

f(6y) _ O( | f'(ql)i
P'(p1) « + + P'(px) | P’ (i) |2

since f"/(0) #0. But
IT G — 50" =0 ™ =" [") = 060).

8<t
Thus (2.21) is O(1).

Collecting our results, we have shown that in the expansion of D; by
means of (2.17), the sum of those terms for which either (a) or (b) above hold
is at most O(u~™) as n— . There are just two remaining terms, namely that
for which the p; are e, py, - - -, pr and that for which the p; are e,
p2, + + +, pr. Keeping in mind that

iP'(etif) = 4 etiG-Doif(f))

) = 0(1).

> = O([f,(el) I_l) = 0(6:79),

we have, therefore,

k k
.22 Dy = il soron [ (e = )t = eoom IT (o = 5?4 0o
=2 8=2
2.5. In calculating the zeros of D; we shall have to make use of the fact that
the error term O(u~—") is negligible. However, it is clear that if 6, is of the order
of u=, then the “dominant” term in (2.22) is no larger than the error term.
To eliminate this difficulty we shall show that we may assume 6, is not too
close to 0, or equivalently that A=f(6:) is not too close to M.

LEMMA. There exists a constant A >0 such that if N is an eigenvalue of T,
with n sufficiently large, we have N\S M —An ~2.

The proof is simply a refinement of the proof given in §2.2 that N M.
Let {xo, - - -, x»} be an eigenvector corresponding to X, > |x;|2=1. Letting
#(8) = D_x;e'® we have, as before,

1 Ld
r=— [ 10160 .
rd
For sufficiently small 8, we have

1
f0) < M — " %02 [e2 = — f7(0)],
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and, by Condition A,

max f() =f(n") = M — % oin?

{6l 2n~1

for sufficiently large n. Thus
1 ! 1 1 1
A — f <M - 0202) | 6(6) |2d6 + ——(M - —am—2> f | 6(6) |2d0
27 " 4 2r 4 10jznt

o? a1
M——(f 6* ¢(0)|2—I-n‘2f
8r \J 1

16lzn"
2 nl
M- i(Zrn_z - f RGELIRC lmo).

8

(2.23)

1@ I%w)

Since, by Schwarz’s inequality, |$(8)]|2<n-+1<3n for all 6,
n—l

f o (n—? — 6?) ] 0] |2do < dn?,

-n

so (2.23) gives

2

A M -2 (= u,
4

2.6. It is convenient now to consider D and D; functions of the complex
variable 6. For 6, sufficiently close to 0, A=£(6;) is close to M, and the zeros
P12, * - -, p+k, being analytic functions of X [p%,, - - -, p¥,are simple zeros of
P(z; M) ], are also analytic functions of 6. The remaining zeros e are cer-
tainly analytic. Thus D, the determinant of the matrix (2.14), is analytic in
a region of the form 0< ]01| < 6. Consequently D is analytic in this same
region. (Actually it follows from (2.22) that D, is bounded near 6; =0 so it is
regular in the entire disc |6,] <3.)

We know from the lemma of §2.5 that D, is free of zeros in some region
|6:| <Bn—1. We shall confine our attention to the ring

B 1\ =
(2.24) — < |6 <<N+~—)—
n 2

n

where N is arbitrarily large but fixed. We may clearly assume, and we do,
that B<w. It will be shown that D;(6;) has exactly 2N zeros in the region
(2.24), these being simple.

Define the polynomial
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0@ =II G — o).

=2

Then the expressions [] (et —p,)? occurring in (2.22) will both be quite close
to Q(1)% In fact, since the p,(f;) are analytic near 6, =0, and p,(0) =p¥, we
have, for 6, in the region (2.24), p,=p¥+0(n~1). Clearly et®1=1+4+0(n"1), so

]
IT (et = p)? = Q(1)* + O(n~)
8:=2
and we obtain from (2.22)
(2.25) D, = — 20(1)? sin (n + 2)6, + O(n™Y).
Thus if 0, is a zero of D; we must have sin (#+2)8; =0(n~!), which implies
v

Tt 2

(2.26) 9, + o(n), v=+1---,+N.

We have found all possible zeros, but it remains to be shown that these
actually are zeros. Consider, for fixed v and small ¢>0, the circle C,, with
center vr(n+2)~! and radius e(z+2)~!. For a point 6, on C,,,,

1% €

_ W
w2 a2t

6,

’

we have
| —20(1)? sin (n + 2)6:| = 2Q(1)?] sin (ee#) | > €Q(1)?

for sufficiently small e. Since the term O(n~!) in (2.25) is <eQ(1)? for large
enough # we may apply Rouché’s theorem to conclude that D, has inside the
circle C, . exactly as many zeros, counting multiplicity, as —2Q(1)2sin (n+2)6;.
This function, however, has the one zero 6, =vwr(n+2)~! inside C,,, this being
a simple zero. Consequently D; has exactly one zero inside C,,., this being
simple. Since ¢>0 is arbitrary we have shown that for each v there is exactly
one zero satisfying (2.26), this being a simple zero. (The fact that the zeros
, are simple implies that the corresponding eigenvalues A =f(6;) have multi-
plicity one.)

To obtain a more exact expression for the zeros our evaluation of
II(et#1—p,)2 must be more accurate. Setting p, =e%, we have

dpa doa

= il .
db, do

But f(6:) =f(6:) (=7) so
db,

0 = f(6,) = O(| 6:]).




1958] EIGENVALUES OF CERTAIN HERMITIAN OPERATORS 503

Since f’(#,) is bounded away from 0, we conclude

dp,

=0(| 6:]).
8, (e

Thus
pe = po = pu(8) — p:(0) = O(| 6:]2) = O(n~?),
from which it follows that
H (ei”‘ _ Pa) — Q(e:tit‘h) + 0(11_2).

Since

Q(etin)2 = Q(1)2 + 20(1)Q' (1) (etifr — 1) + O(n~2),
(2.22) gives
Q')
(1)

D= — 2Q(1)2{sin (n+ 2)0,+ 2 [sin (n + 3)8;, — sin (n + 2)01]}

(2.27) + 0(n~?)
Q'(1)
(1)

= — 2Q(1)2{sin (n+ 2)6,+ 2 cos (n + 2)6, sin 01} + 0(n~2).

Consider now the function
Q'(1)
(1)

on the circle C;, with ceﬁtermr(n +2)"'[1 +B(n+2)~'] and radiusvre(n+2)~?,
where 8 will be determined shortly. For a point 8, on C}_,

D2(01) = sin (n + 2)01 + 2 Cos (n + 2)01 sin 01

vrr B + ee®
01=n+2[1+ n+2 :I’
we have
Do) = = (= 1p[ 8+ e+ 220+ 06,
n+ 2 o)
Thus if we set
Q'(1)
(2.28) B=—2 o

we have



504 HAROLD WIDOM July

™

| —20(1)2D:(61) | = 20(1)? -

e+ 0(n?)

which, for sufficiently large », will be larger than the term O(n~?) appearing
in (2.27). Again we apply Rouché’s theorem to conclude that the functions
D, and D, have the same number of zeros inside C,.. But D, is real on the
real diameter of C,. and has opposite signs at the end-points of this diam-
eter. Thus D, has a zero in C,,, and we have, for the zeros of D,, the more
exact formula

6, = — <1+ b >+(-°) =+ + N
) n—+2 o TR ’ ’

where 8 is given by (2.28).
Since N=f(0,) and f(#) is even we have, for the eigenvalues,

N Y [1+ z ]+ (%) 1 N
v,n T - o(n—?°), v = cee R
2(n + 1)2 n+1 ’

where we have set

(2.29) a=28—2.

2.7. To evaluate «, note that
Q'(1) 1
= Z —
(1) 1 —p,

where p¥ runs over all the zeros of P(z; M) with absolute value greater than 1.
Since these zeros are all simple we have

Q’(l)_ B 1 P(z; M) dz 1 P(z; M) dz

o)  2widie PeM) 1—z2 2midi PG M) 1—3

where 7 is sufficiently close to (but greater than) 1 and R is sufficiently (and
arbitrarily) large. Clearly the first integral tends to 0 as R— «, so
0'(1) 1 P(z; M) dz

(2.30) - (1) 2w |z|=7‘m—) =

We should like to transform this integral to one on the real axis. Letting
z=¢* we find, from (2.12),

[ P'(z M) — k"' P(z; M):l 1(6)
et = .
|: P(z; M) f6) — M

It is clear, therefore, that the result of our change of variables will be simpler
if we modify the integrand in (2.30). Since

(2.31)
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dz
J -0
le=r 2(1 — 2)
we may write (2.30) as

B Q') B 1 P(z; M) — kz"'P(z; M)  dz

Q1) 2w zr P(z; M) 11—z

The integrand has a double pole at z=1. It follows from (2.31) that, for 2
near 1,

P'(z; M) — kz7'P(3; M) 4
= (0] —-1i).
P(z; M) -t ods=th

dz
I
= (22— D1 —2)
we may write

Q') _ 1 [P’(z; M) — kz"'P(z; M) _ 4 :I dz
lzl=r

(2.32)

Since

o)  2xi P(z; M) 2—1]1—35
By (2.32) the integrand is now regular at z=1, but we have introduced at
z= —1 a simple pole with residue 1. Now deforming the contour to the unit
circle we have
o 1
e1) 2
1 P(z; M) — kz'P(z; M) 4 dz
+ — lim [ - - :I .
Tl >0 lzl=1:lz+1l2 ¢ 1)(2; A[) z2—1 1 —3

Finally, introducing the change of variable z=¢*, we have, by (2.31),

w1 1 [&_ ]da
Q) =27 2w ]eu—»Iol »fmg,_e o — M 2esch 1 — eif

2
1 1 r 1 (6
=—+—f cot—0[———fL-—2c5c0:|d0.
2 4nd_, 2 Lfo-M

Integrating by parts and recalling (2.28) and (2.29),

1 p~ 1 M — f(6 1

a= ——f csc?— 0 log [~——f(—) cot? — 0] de.
2rJ 2 202 2

g

This completes the proof of the main theorem in the special case.



506 HAROLD WIDOM [July

2.8. The general theorem will follow from the special case by means of
approximation arguments which utilize the following

LemMA oF WEYL-COURANT. Denote the eigenvalues of the nXn Hermitian
matrix T by Ny, - - -, N\n (ordered in nonincreasing order). Then

A= _min max (TX, X)
)‘1""Yv—l X

where Y1, - - -, Y,_11s an arbitrary set of v—1 vectors and X runs over all vec-
tors satisfying

x|l =1, (Vu,X) =¥y X)=- =¥y, X) =0.

For a proof of the lemma, which is quite simple, we refer the reader to
either [4, pp. 26-27] or [5, pp. 786-787].

It follows from the lemma that if we have two Hermitian matrices T
and U such that (TX, X) = (UX, X) for all vectors X, then each eigenvalue
of T is less than or equal to the corresponding eigenvalue of U. In the case of
Toeplitz matrices, we see that if we denote the eigenvalues of the nth Toeplitz
matrix of a function f by A,,.(f) and those of the nth Toeplitz matrix of g
by Au.x(g), then f(8) <g(@) for all 6 implies Ny, »(f) = Nv.2(g) for all v, n.

2.9. Assume f(f) is a trigonometric polynomial satisfying Condition A,
but not necessarily Condition A4;. If f(f) has degree one, it must satisfy
Condition A;, so we may assume the degree of f(f) is at least two.

For small nonzero € define

F(0) = f(6) + (1 — cos 6)2.

Since as Im (8)— «, |f¢(0)| — oo uniformly for small ¢, we see that the zeros
(mod 27) of all f.(6) — MM lie in a bounded set. I claim that for e sufficiently
small f.(8) — M will have, except for a double zero at § =0, only simple zeros.
For assume we could find a sequence of €'s tending to 0, and for each € a
nonzero multiple zero 8, of f(8) — M. Since the 6. are bounded we can find,
by choosing a subsequence if necessary, a 6, such that 8.—8,. Then 6, is a
zero of f(6) — M of multiplicity m=2. Note that 6,0, for otherwise § =0
would be a zero of f(f) — M of multiplicity at least four.
We have

1
f0) = M = — (00 — 6" + O(| 6 — 6o [™+1).

Since also
f(0) = f(8) + e(1 — cos 8.)2 = M

we obtain
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m!(1 — cos )2
(2.33) O — )"~ — ——— ¢ as e— 0.
™ (8,)

But since 6, is at least a double zero of f.(8) — M, we have
0 = f(6) = f'(6c) + 2¢ sin 6.(1 — cos 6,)

_ ™ (86) (8 — 60)™! + 2¢sin 6.(1 — cos 6) + O(| 6. — 6,|™),
(m — 1)!
from which we may conclude that (6.—8,)"! =O(| e]) as e—0, which contra-
dicts (2.33).
Thus for sufficiently small €0, f.(f) will satisfy Condition A;. Moreover
it is clear that f.(f) will satisfy Condition A with f.(0)=M and —f.'(0) =¢2
Therefore for sufficiently small €0 we have

Mol = M or? |:1+Cl(fe)]+ () v
valJe) = - on—), =1, 4"

J 2n+ 2L A+t " v

Now for €>0, f_<f<f, so by the Weyl-Courant Lemma M\, .(f-c)
SN a(f) =N a(fo). Hence we shall have proved the theorem for f() if we
show a(fi) —a(f) as e—>0. We have

a(fre) — a(f) = Zl_wf_: csc? i 6 log [w] do

2 M — f(6)
1 4 1 (1 — cos9)?
= — csc2 — 0 log lie———]do
2rJ 2 M — f(6)

Since (1 —cos 0) [M —f(0)]~" is bounded, say by ¢, we have, for sufficiently
small e,

| a(fed — a(f)| = e % f_ csca-;- 01 — cos 6)d,

s0 a(fie) —a(f) as e—0.
2.10. Now let f(f) be an arbitrary function satisfying Condition A. Define

_ f6) + ¢*(1 — cosb) — M
B (1 — cos 6)? '

£(0)

Then g(f) is even and, since f(#) has four continuous derivatives near § =0,
continuous. Therefore given ¢>0 we can find even trigonometric polynomials
g+(0) satisfying

(2.34) g-(6) = g(6) < g.(0),

(2.35) | g1(0) — g(0)| < e for all 8.
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Define
f1c(0) = M — o*(1 — cos 6) + (1 — cos 6)%g+.(6).
Since
f(6) = M — o2(1 — cos 6) + (1 — cos 6)%g(6)
we have, by (2.34) and (2.35),
(2.36) f-(6) = f(6) = /.(6),

(2.37) | f+(6) — f(6)| < e(1 — cos )2

We conclude readily from (2.37) that for sufficiently small e the trigo-
nometric polynomials f;.(8) will satisfy Condition A with f4(0)= M and
—f1.(0)= —0o? Hence by §2.9

2.2

wv? a(fse)
- 1 -3 =1.2 ...
2(71-4-1)2[ +u+1]+0(" hoov=11,

Using (2.37) we may prove, as we did in §2.9, that a(fi)—a(f) as e—0.
Thus by (2.36), the Weyl-Courant Lemma, and (2.38) we conclude the result
of the theorem for f(8).

(2.38) An(fr) = M

CHAPTER III. INTEGRAL EQUATIONS

3.1. In this chapter we shall investigate the behavior of the extreme
eigenvalues A, 4 of the integral equation (1.1), where p(x) EL,. Let F(£) be
the (automatically continuous) Fourier transform of p(x):

F@=f2%wm

We shall assume either of the following conditions:

ConbpITION B. Let F(§) be real and even, and 0(|$| —2) at infinity. Assume
max F(§) = F(0) = M and let £ =0 be the only value of & for which this maximum
is reached. Assume moreover that F(§) has continuous derivatives up to the
second order in some neighborhood of £=0, and that o*= — F'’(0) #0.

CoNDITION B’. In addition to Condition B, let F(§) have continuous deriva-
tives up to the fourth order in some neighborhood of £=0.

The main theorems of this chapter are:

THEOREM 3.1. Assume F(§) satisfies Condition B. Then as A— » we have,
for fixed v=1, 2, - - -,
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THEOREM 3.2. Assume F(£) satisfies Condition B'. Then as A— © we have,
for fixed v=1,2, - - .,

airy?

Nos = M —
4 842

_1+°‘]+(A-3)
Tl

where

a = a(F) = —i—f_: gt—log [-3 —M——F(E):I dt.

0,2 £2

3.2. We shall prove the theorems first under the assumption that F(¢)
is a rational function (in which case Conditions B and B’ coincide) and satis-
fies the additional conditions:

CoNDITION Bi. AUl poles of F(£) are simple.

ConNpITION Ba. All zeros of F(§) — M, with the exception of the double zero
at £=0, are simple.

By the Fourier inversion formula

@ =— | eer@a

p\x) = 27""—”8 E )

the integral equation (1.1) may be written
1 ) A

(3.1) — [ cwr@a [ emstiay = 2.
2rJ o -4

If we write

F(§) = P(§)/0®),

where P(£) and Q(¢) are polynomials with no common factor, it is well
known that (3.1) can be reduced to the differential equation written sym-
bolically as

(3.2) P(i%)d»(x) = AQ<i£>¢(x).

The solution of (3.2) depends on the zeros of F(¥) —\. Now we may re-
strict our attention to those X which lie in an arbitrarily small open interval
(M, M —o). This is seen as follows. Let ¢(x) be a solution of (3.1) normalized
so that

21rf_i| é(x) |2dx = 1.

Then multiplying (3.1) by ¢(x) and integrating we obtain
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(3.3) = [ F©l e |,
where we have set

4
3.4 &%) = itz d
3.4) ® ﬁ;a@x

and used Parseval’s theorem. Since /2., |<I>(£)| 2d¢ =1, it is clear by Condition
B that A< M. Also, since each \,,4—M as A— », it is clear that nothing will
be lost if we assume N& (M, M —3§), where & is as small as we please.

Now for sufficiently small § and A& (M, M —38), F(¢) —\ will have only
simple zeros; for if we denote by {S’} the (finite) set of zeros of F'(£) we
need only choose & so that none of the quantities F(¢') lie in (M, M —39).
Denoting the zeros of F(§) —\ by &, - - -, &, (where 2q is the degree of Q)
the general solution of (3.2) may be written

2q
6(®) = 3 cieite,
=1
If we substitute this expression into (3.1), the integral can be calculated
explicitly. Let the poles of F(£) in the upper half-plane be 7, - - -, 5,; then

the poles in the lower half-plane will be —»y, + - -, —7,. Remembering that
lxl <A, (3.1) becomes

q 2q cjeiAE,' q 29 cje_i‘“i
(3.5 0= rke"""k< > )e‘i"k’ + > rke"""k( > )e"”k",
k=1

=1 &+ m k=1 i=1 & — M
where 7, is the residue of F(£) at £=mu. Since the functions ez, - . . | ¢¥1e?,
e~z . . . e~ gre linearly independent, (3.5) is equivalent to the system
of equations
29 eid;
G =0, E=1 0
=1 &+ m
(3.6) ’ T
2¢ e—tAE;
Cj =0’ k=1’...’q‘
=1 &= m

We shall change our notation slightly. The function F(¢) — M has 2¢—2
complex zeros, ¢g—1 in the upper half-plane and ¢—1 in the lower. Denote
the zeros in the upper half-plane by £, - - -, £F; then the remaining complex
zeros are —§&5, -+, —£&r. By Condition B, F(¥)—\ will have, for
NE (M, M—3), two real zeros which we denote by & and —§&, and 2¢—2
complex zeros &, - - -, +£&, with §—¢f as > M. Using this new notation
for the zeros of F(£) —\ we see that the multiplicity of N is the number of
linearly independent solutions of (3.6) for ¢, - - -, ¢z, or equivalently 2g
minus the rank of the matrix
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ot e—idk ¢idts e—idk2

etdta e—idkqg

El't'ﬂl —51‘+m Ez'ijﬂl —Ezﬂ'm

g4t e 46 eidée P 1)

hm —h+m

eiAEq e—':AEq
(3.7 Eitmng —&i+m E2tng —E2t gt —&+
! Al eidbL e—idk2 eidée e—iAkq eidéq

e—iAzl eMEl e_"Af2 eiAh

E—m —&—m &L—m —&—m

fGi—m —&—m

¢—idte eidta

51— 1m¢ —51—mg E2— 1 —&— 1M

Ei—ng —E— 1

3.3. Denote by D the determinant of the matrix (3.7), and write

D, = D exp (ZiA i Ej).

=2
Then we have

e‘.Ael e—‘AEl e2iA$2 1

e2iAEq 1

Ex-l_-m —Elj*‘ﬂl Ez‘i"m —52.*‘711”

eiAEl e—iAfl e2iA£z 1

htm —&tm

st i
D, = Eitng —&i+ng 24+ E2t o ot mng —&+ g
YT i gidk1 1 lidte 1 2idtq

e—t:ASI ei'z;fl 1 e2i;4€z

bE—m —&H-—-m &L—m —&H—m

E—m —&—m

i e“:“fl

Now for N\ close to M, the various &; (j=2, - -

corresponding £/. If we set

240 = min Im (E:) >0,
j=2..-~'a

then for A sufficiently close to M we shall have
Im (é}) 2 p,

Ei—1¢ —bi—1n¢ E2—ng —&—

§e—m0 —E— g

-, q) will be close to the

j=2’...)q‘

Thus, in the expansion of D; any term involving e?4%i is O(e~24#), so we may

write
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gidh1 e—idh 1 1
Htm —&+m —&+m —&+m
¢idb it 1 1
D= Ltng —&itm, —&t, —&tn, 40 (e-24m)
e—idkL pidtL 1
0 0
Ei—m —51.—171 52—.771 Eq_."ll
e—’;AEL ei.:lfl 1
0 0
Si—mg —&Hi—ng E2—ny §q—1q
eér 1 1 edh 1 1
+m  —&+m —‘Eq"*‘m _El‘_ﬂl Ea—m qum
ot 1 1 gidts 1 1
£1tn, —&t1, =&+, —&1—n, Ea—ny Ea— g
e~k 1 1 ek 1 1
—&i+m —&+m _Eq.+771 E:fm 52—.771 £4—m
¢iAn 1 1 e-its 1 1
—&itng —E&tng —Eitng Er—1q §2—1q £4—nq
+0(e24)
1 1 1 2
Eitm —&+m —Eq.-l-m
= (—1)%2i4ks . . .
1 1 1
&1t =&t —&+q
1 1 1 2
Li—m f2—m E—m
—(—1)%idn . . .
. . . +0 0_2A“ .
1 1 1 ( )
Ei—nq Ea—mq £4—nq
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The two determinants obtained are both cases of the Cauchy determinant
1
a;+ b

’ j,k=1,"',9,

whose value is
II (o — a) (@5 — )
i<k

II (o5 + B0

ik

(See, for example, [6, pp. 87-88].) The calculation is therefore finished. If
we set

,-;!;Ll (& — m)?
D= (=0 H & — &)* H (ni — m)? Dy
then 255<k 1s5i<k
II¢+ &° IT Gt — &2
(3.8) D, = ¢4t m — e 2i4b —3—2(5—1——:—1]_1;); + O(e~24»).
k21 kz1

3.4. In calculating the zeros of D; we shall have to know that the “error”
term O(e~2?4+) appearing in (3.8) is much smaller than the remaining “dom-
inant” term. It is clear, however, that for M —X\ of the order e~*4#, or equiv-
alently £ of the order ¢—24# the dominant term is roughly the same size
as the error term. We eliminate this difficulty by showing that no eigenvalue
can get nearly this close to M.

LeMMA. There is a constant a>0 such that if N\ is an eigenvalue of (1.1)
with A sufficiently large, then NS M —aA~2.

To prove the lemma, we shall use (3.3) more effectively than was done to
show merely that A <M. For sufficiently small £, we have

1
F@ =M - [o0=—F0)],
and, by Condition B,
— -1
max F( = F(47)

=M - l—aﬁA"?
4

for sufficiently large 4. Recalling that [, | <I>(£)| ?dt =1 we obtain from (3.3),
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4™ 1 1
—_— g2f2 2 —_— =
N f-ﬂ(M Lo )| o(p) |2t + <M e 2>fmz.4—1| a(p) |2de

1 4™
(3.9) - ([ plewlaeran [ [0

1 4™t
M- —a'-'(A—2 —f (472 — )| 8(®) l2d£>.
4 —4-1
Recalling that 21rf_‘4A|¢(x)| *dx =1 and applying Schwarz’s inequality to (3.4)
we obtain [¢($)| <A /7 for all £, so
A—l

4
f (A=t — &) | ®(p) |2ds < — A~
- 3

and (3.9) gives

1 4
A= M- ——02<1 - —) A2
4 3
3.5. It is convenient now to consider D, D; and D, as functions of the
complex variable £1. For £, sufficiently close to 0, A= F(&,) is close to M, and
the zeros +§&, - - -, +§&, being analytic functions of N(+£5, - - -, £ are
simple zeros of F(¢) — M), are also analytic functions of &. Thus D, the de-
terminant of the matrix (3.7) is analytic in some region |£1| <38, and D, and
D, are analytic in the same region.
We know from the lemma of §3.4 that D is free of zeros in some region
|£| £bA-1. We shall confine our attention to the ring

(N+1/2)w

b
3.10 — <
( ) 1 Ifll < 74

where N is arbitrarily large but fixed, and we make certain that b<w/2.
We shall show that D,(%,) has exactly 2N zeros in the region (3.10), these be-
ing simple.
We note first that the quantities & appearing in (3.8) may be replaced

by & without too much of an error. Since F(&) = F(&)(=N),

dk,

F'(&) — = F'(£) = 0(47)

d&,
for & in the region (3.10), so d&/déi=0(A™"). Therefore, since £f =£x(0),
&r=£F+0(47?). Thus if we introduce the rational function

ITe-5

kz2

H(E—ﬂk)’

k21

G =
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we obtain from (3.8),

(3.11) Dy = G(—§1)2%e%48 — G(§y)2e 240 4 0(472).
Since G(+£) =G(0)4+0(A4-1!) we obtain for a first approximation
(3.12) D, = 2iG(0)? sin 24&, 4+ 0(47Y).

Thus if & is a zero of D, we must have sin 24§, =0(A4 1), which implies
T
(3.13) £1=§+0(A—1), v=+1,+--, + N.

We have located all possible zeros of D, in the region (3.10), but it re-
mains to be shown that these actually are zeros. Consider, for fixed v and
small €>0, the circle C,,. with center vr/24 and radius ¢/24. For a point &
on C,,,

v
+

h=oa 3

€
e,
A

we have
| 2iG(0)? sin 24%,| = 2G(0)?] sin (ee)| > G(0)?

for sufficiently small e. Since the term O(4~!) appearing in (3.12) is <eG(0)?
for large enough 4 we may apply Rouché’s theorem to conclude that inside
Cy, the functions D;(£,) and 2¢G(0)2 sin 24§, have the same number of zeros,
counting multiplicity. The latter function, however, has the one zero &
=vyr/24 inside C,,., this being a simple zero. Consequently D, has exactly
one zero, this being a simple one, inside C,,.. Since ¢>0 was arbitrary, we
have shown that for each v there is exactly one zero of D, satisfying (3.13),
this being a simple zero. (The fact that the zeros & are simple implies that
the corresponding eigenvalues A = F(§;) have multiplicity one.)
To obtain the next order of approximation, we note that

G(+£)?2 = G(0)2 + 2G"(0)G(0)¢: + O(| &1]%),

so (3.11) becomes

’

A 2A4¢; si } + 0(4-*
G(0)~ cos 2A¢, sin &, ).

(3.14) D, = ZiG(O)z{sin 2465+ 2%

Consider now the function

’

G(0)

cos 2A4&; sin &

on the circle C,, with center vr(24)~![14+a(24)~!] and radius vre(24)7?,
where a will be determined shortly. For a point & on C,,
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v a + e
= — 1 ,
2 ZA[ Y ]

G/(0) ,
G(O)-} + 0(4-).

we have

1V 8
Dlt) = = (—1)”{a o 420

Thus if we set

. G'(0)
(3.16) = — 2
G(0)
we have
— v ; GI(O)_ ﬂ -2

Again we may apply Rouché’s theorem to conclude from (3.14) that the func-
tions D, and D3 have the same number of zeros inside C, .. Now since

G'(0) i1 i1
(3.18) S SRR

G(O) k=2 £ k=1 Mk
is purely imaginary, it is clear from (3.15) that Dj; is real for real £,. Since, by
(3.17), D; has opposite signs at the ends of the real diameter of C, ., we see
that D;, and so also D, has a zero inside C, .. Therefore we have the following
more exact expression for the zeros:

s—v"[1+a]+(A—") — 41, 42
DY AT PT R EsTT
where a is given by (3.16).

Since A= F(£) and F(£) is even we have, for the eigenvalues,

2,,2

a’r

84

v

Ao = M — [1+%]+0(A—3), v=1,2, .
3.6. To complete the proof of Theorem 3.2 in our special case, we have

to evaluate a. Noting that the £} and #; in (3.18) are, respectively, the zeros

and poles (all simple) of F(£) — M in the upper half-plane, (3.16) and (3.18)

give

1 F'(§)  dg

— - —

rJo F) — M ¢

o =

where C is any contour, described in the positive direction, enclosing all the
¢t and m: but not touching the real axis. Now the integrand has a pole at
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£=0 with principal part 26~2 Hence

e

is regular on the real axis. Moreover [cf~2df=0. Therefore we can write

e R o

where C’ consists of the real axis from —R to R and the upper half of the
circle with center £=0 and radius R. As R— « the integral over the second
portion of C’ approaches zero, so

B et

Finally, integration by parts yields
1 =1 2 M- F
a = — log |:— = (S):I dt.
—w E a? £

3.7. The general Theorems 3.1 and 3.2 will follow from the special case
by use of approximations which utilize the following

LeEMMA OF WEYL-COURANT. Denote the positive eigenvalues of the integral
equation

[ o 960) =26, ol 9) = o3, 2

by M, Ne, + + - (ordered in nonincreasing order). Then

A= . mm max ff p(x, v)o(x)p(y)dxdy
where Y1(x), -+ - -, Yua(x) are arbitrary and ¢(x) runs over all functions satisfy-
ing

fl¢<x>|2dx=1, f:p.~<x)¢<x>dx=o, G=1,-+,0—1).

For a proof of this result, see [4, pp. 112-113].

It follows immediately from the Weyl-Courant Lemma that if we
have a second symmetric kernel py(x,y) such that [fo(x,y)p(x)p(y)dxdy
< [foi(x, y)¢(x)¢(y)dxdy for all ¢, then each positive eigenvalue of the inte-
gral equation with kernel p is less than or equal to the corresponding eigen-
value of the integral equation with kernel p;. For the equations we are con-
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cerned with, this may be interpreted as follows: Let p(x) have the Fourier
transform F(£) and pi(x) the Fourier transform Fi(£). Denote the positive eigen-
values of

A
f e = o)y = M)

by M, a(F)ZN\e,a(F)Z - - -, and those of
A
f o — Dé(B)dy = (%)
—A

by Ma(F) 22X a(F)Z - - - . Then of F(E) S Fi(§) for all £ we have N\, 4(F)
SN.a(F) for all v, A.

3.8. Assume F(£) is rational and satisfies Conditions B and B, but not
necessarily B.. For small nonzero e define

4
e

It is clear that for sufficiently small ¢, F.(£) will satisfy Condition B with
F(0)=M and —F!'(0)=0? and also Condition B;. I claim that F.(§) will
also satisfy Condition B,. Assuming the contrary we can find a sequence of
€'s tending to zero and for each e a nonzero multiple zero & of F.(§)— M.
Since the £, are bounded (note that as £— 0, F(§) — M— — M uniformly in ¢)
we can find, by choosing a subsequence if necessary, a point & such that
£e—%0. Then & is a zero of F(£) — M of multiplicity m=2. Moreover £ #0,
for otherwise £ =0 would be a zero of F(¢) — M of multiplicity at least four.
From

Fe(§) = F(§) + ¢

4
€

=M
1+ £

Fe(¢) = F(&) + e

and
1
Fg) = M+ — F™() (& — fm + O(| & — &™)
we conclude

(3.19) & — &) mits 0
3.  —E)"~N————————— ¢ as e > 0.
’ Fow (£) (1 + £)

Similarly from F! () =0 we conclude (£ —&,)™! =O(| e‘ ), which contradicts
(3.19).
Thus for sufficiently small ¢, F.(£) will satisfy all the conditions under
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which we have proved Theorem 3.2. If, for sufficiently small positive €, we
define

1=
pu) = — [ b @
2rJ o
we have the Fourier inversion formula

Fi(§) =f etps (w)dx,

and
2.2

) a*ri? a(Fie) s
R L RV NS B

Now since F_.(£) S F(§) S F.(£) we have, by the Lemma of Weyl-Courant,
N a(F_) SN, 4(F) =Ny, 4(F). Therefore we shall have proved Theorem 3.2
for F(¢) if we show a(Fi)—a(F) as e—0. We have

1 o 1 )a — F,.

Now [M—F(§)]is O(| ‘g’[ ~2) near £=0 and bounded at infinity, so for some
constant ¢>0 we have

F@ = Fal®) _ &
M-F® " 1+

Therefore for sufficiently small e

IIA

2 © d
| a(Fsd) — a(F)| < e ¢
rJw 18

’

which shows a(Fi)—a(F) as e—0.
3.9. If F(¢)=P(£)/Q(%) is a rational function satisfying Condition B but
not necessarily B; we introduce the functions

& )
F.(¢) =P .
® = P/ (0 + e

By arguments similar to those used in §3.8 we can show that for sufficiently
small (nonzero) ¢, F.(£) will satisfy Condition By, i.e., have only simple poles.
Therefore we can apply the result of §3.8 to the functions Fy.(§), with >0,
and, using the Weyl-Courant Lemma, deduce Theorm 3.2 for the function
F(§).

3.10. To rid ourselves finally of the assumption that F({) is a rational
function, we need two simple lemmas.
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LEMMA 1. Let f(x) be continuous and bounded in the half-open interval (0, 1].
Then we can find a bounded sequence of polynomials { f,.(x)} such that f.(x)
2 f(x) in (0, 1] for each n, and f.(x)—f(x) uniformly in every subinterval [5, 1].

If |f(x)] <d throughout (0, 1], we define
B!
f(x) on|—> 1],

_n

! 1
ea(®) = 1 f(¥) + 4d(1 — nx)  on —,—],

[ 2n n

1 R!

— Y+ 2 0,—|.
f( 2n> + on L Zn]
Then g,(x) is continuous on [0, 1], ga(x) = f(x) in (0, 1], and g.(x) =f(x) on
[1/m, 1]. If we take as f.(x) a polynomial satisfying

1 1
Jalx) — (gn(x) + —>l <— on]o,1],
n 2n

the sequence {f.(x)} clearly has the required properties.

LEMMA 2. Let f(x) be continuous on [0, 1] and O(x) near x=0. Then we
can find a sequence of polynomials { f,,(x)} such that f.(x) =f(x), f-(0) =0 for
each n, and fn(x)—f(x) uniformly on [0, 1].

This is an immediate consequence of Lemma 1 applied to the function
flx)/x.

We can now complete the proofs of the main theorems.

Proof of Theorem 3.1. To approximate F(§) by rational functions, we map
(— =, «) into the unit interval and approximate by polynomials. Thus, we
set x=(1+4£2)"1 and define

f@) = F(&) = F((=' — 1)V2).

Then f(x) is continuous on the unit interval [0, 1] and, since F(§) is twice
continuously differentiable near £=0, f(x) is once continuously differentiable
near x =1. Thus the function

_Jw-M
1—x

(3.20) g(x) +M

is continuous on [0, 1]. Moreover since f(x) =O(x) near x=0 (here we use
the assumption F(£)=O(|£|‘2) at infinity) we also have g(x) =0(x) near
x=0. It follows from Lemma 2 that for each ¢>0 we can find polynomials
g1e(x) satisfying
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g+(0) = 0,
(3.21) g-(2) = g(x) = g.(9),
| @) — g | S .
Then if we define
fie(®) = Mz + (1 — x)gs(),
f1e(x) are polynomials satisfying
f+(0) =0
f-(@) = f(2) = fe(x),
| /@) = fec@) | S e(1 = 2).

Finally, defining the rational functions

Fi(®) = fae (ﬁ)

we have
Fi($) € Li(—», =),
(3.22) F_(§) = F(E)Ezé F(¥),
| F(g) — Fau®)] < el

It follows from (3.22) that for sufficiently small €, Fi.(£) will satisfy
Condition B with F4.(0) =M, and so, using only the first order approxima-
tion,

FY(0)r2v?
Ma(Fi) = M + ————— 4 0o(47?), v=1,2,.--.
84?2
Since, by (3.22), FY.(0)— —a? as e—0, we may apply the Weyl-Courant
Lemma to obtain

2.2,,2

842

Na(F) = M — + o(47?), v=1,2,...

Proof of Theorem 3.2. We begin as in the proof of Theorem 3.1 except
that we define g(x) not by (3.20) but by

_J@-Mtet-02, 1
(- o

Since F(§) is four times continuously differentiable near £=0, f(x) is twice
continuously differentiable near x=1, so g(x) is continuous throughout

(3.23) g(x)
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[0, 1]. Again, since f(x) =0(x) near x=0, g(x) =0(x) near x=0, so we can
apply Lemma 2 to find polynomials gi.(x) satisfying the three conditions of
(3.21), where now g(x) is defined by (3.23). Setting

a? 1
Sire(x) = M — Py 1—w - (M - 02) (I —=®2+ (1 — x)ge(w)

we have
f+(0) =0,
f-e(x) = f(x) = fe(x),
[ (@) — fee®) | < (1 — 22

Finally, defining the rational functions

Fi(®) = fie(lez'>

we have

Fit(s) e Ll(— @©, oo))
F_.(¥) £ F(¥) = F.(9),
| F(f) — Fu(t)| < ett/(1 + £2)2

It follows from (3.24) that for sufficiently small €, Fi.(§) will satisfy
Condition B with F4.(0)=M and F%.(0)= —0c? so by §3.9

(3.24)

2.2

ol u? a(Fye) =
halh) = 1= ST S0 o, =

Now from (3.24) it follows, by an argument entirely analogous to that at
the end of §3.8, that a(Fi)—a(F) as e—0. Thus we may apply the Weyl-
Courant lemma to obtain Theorem 3.2 for F(£).
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